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Abstract 

We present a top-condensation model in which the CP symmetry is spontaneously 
broken at the electroweak scale due to the condensation of two composite Higgs 
doublets. In particular the CP-violating phase of the CKM matrix is generated. 
A simpler model where only one quark family is included is also discussed. In this 
case, for a general four-fermion interaction {Gth A 0)) fhe particle spectrum is the 
one of the one Higgs doublet model. 


1 Introduction 


Top-condensation models PElISlIllElin]^ are interesting candidates for a realistic theory 
of electroweak symmetry breaking (EWSB). They are a particular case of models of 
dynamical EWSB PI. where the electroweak (EW) gauge symmetry is broken due 
to the condensation of fermion-antifermion bilinears. In top-condensation models the 
condensates are made of known fermions, mainly of the top quark. In the minimal 
models no new particles are postulated. The fundamental degrees of freedom are only 
fermions and gauge bosons. No fundamental scalar helds such as the standard model 
(SM) Higgs held are present. On the other hand the spectrum of the theory includes 
one or more composite Higgs particles. They are fermion-antifermion bound states and 
play a similar role as the fundamental Higgs particles in the SM and its extensions. 

Besides the well-established SU{3) x SU{2)l x U{1)y gauge interactions a new four- 
fermion interaction is postulated. It provides the dynamics responsible of EWSB and the 
generation of SM fermion masses at the same time. Note that in general two different 
sectors are necessary for these purposes. In technicolor, for example, technicolor gauge 
interactions trigger EWSB while extended technicolor interactions are required to gen¬ 
erate fermion masses. Due to the non-perturbative nature of the new interaction some 
approximation is needed. Calculations at hrst order in the 1/N expansion, where N = 3 
is the number of colors are often made, obtaining a version of the Nambu-Jona-Lasinio 
(NJL) model ^3]. Next-to-leading order calculation are also available [TKlITT)] . 

The four-fermion term postulated in top-condensation models is generally seen as 
an effective interaction. At some high energy scale A an asymptotically free gauge 
interaction becomes strongly-coupled. For energies below A the new interaction is ef¬ 
fectively described by operators constructed with the helds corresponding to the light 
(mparticie < A) degrees of freedom of the theory. At low energies the most important 
non-renormalizable operators are the ones having the lowest mass dimension. Therefore 
dimension-six four-fermion operators are considered. Normally only four-fermion opera¬ 
tors made of (pseudo)scalar fermion bilinears are taken into account. They are the ones 
leading to (pseudo)scalar composite helds. Axial vector and vector fermion bilinears are 
ignored. Note, however, that the distinction between (pseudo)scalar and (axial)vector 
bilinears is ambiguous due to Fierz identities. The new interaction must violate the 
havor symmetry, i.e. must be non-universal, in order to generate the observed fermion 
mass pattern. Topcolor models na are examples of a theory of this type. In a second 
scenario the four-fermion interaction term acquires a more fundamental status. It is 
assumed that the SM with the Higgs sector being replaced by a general dimension-six 
four-fermion interaction is a (non-perturbatively) renormalizable theory • This is the 
case if one or more non-Gaussian ultraviolet stable hxed points are established beyond 
the point-like approximation ^HI- In this note the four-fermion interaction term is used 
as a starting point. Therefore, besides the four-fermion and the SM gauge couplings, the 
scale A at which the whole Lagrangian is dehned, is also a parameter of the theory. 

For A much bigger than the electroweak scale, complementary to the NJL approach 

^See also laiHiiniiiniiiiiini for more phenomenological aspects. 
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a perturbative renormalization group analysis can be made ia[inii2nii2iiEaES].^ ths 
method, which incorporates the SM gauge interactions, provides reliable values for the 
top-quark and Higgs-boson masses. In this approach the information that composite 
Higgs doublets appear at the scale A is encoded in the compositeness condition. To 
have a very high scale A is, however, not very attractive because the theory suffers from 
hne-tuning in exactly the same way as the SM. Another important point is the one 
related to the distinction between fundamental and composite Higgs particles. If the 
compositeness scale A is very high, the composite nature of these particles cannot be 
directly verihed by experiments in the near future. A more interesting possibility is to 
have a scale A not very much higher than the EW scale, A ~ 5 — 10 TeV. In this case no 
hne-tuning problem appears. Besides, the generation of the scale A could be explained 
from dimensional transmutation. This would solve or avoid the hierarchy problem. A 
perturbative renormalization group analysis cannot be justihed in this case. Topcolor 
assisted technicolor El, and top-quark see-saw 123121 are examples of theories of this 
type. In these theories the NJL approach is widely used. 

In this paper, we present a top-condensation model in which together with the EW 
symmetry the discrete CP symmetry is spontaneously broken. A CP-conserving four- 
fermion interaction term including the three quark generations is considered. Under cer¬ 
tain conditions the CP symmetry is spontaneously broken and the UP-violating phase 
of the Cabibbo-Kobayashi-Maskawa (CKM) matrix is generated. Besides, realistic mix¬ 
ing angles and quark masses are obtained. Leading order approximation in the 1/N 
expansion is adopted. A more detailed treatment of the model is presented in m 

The hrst model with spontaneous CP violation was considered by T. D. Lee in 
1973 j2Hl, the same year that M. Kobayashi and T. Maskawa published their important 
paper ra. In the Lee model (or its generalization for the case of 3 quark families) two 
fundamental Higgs helds are considered. For certain values of the parameters of the 
model the CP-symmetric effective potential has a CP-non-symmetric minimum. As a 
result the model has a number of CP-violating interactions, namely boson exchange 
(as in the SM), charged and (flavor violating and flavor conserving) neutral Higgs boson 
exchange. Flavor changing neutral currents (FCNCs) are present in this model already 
at tree level. This requires a mechanism for their suppression in order to avoid conflict 
with experimental data. 

There are two potential problems in models of spontaneous CP-symmetry breaking at 
the EW scale. The hrst is the one related with FCNCs. It can be shown [23 EH that the 
requirements of spontaneous CP symmetry breaking at the EW scale, absence of FCNCs 
at tree leveH, and a realistic CKM matrix cannot be simultaneously satished. Therefore, 
models presenting spontaneous CP-symmetry breaking at the EW scale have tree-level 
non-diagonal Yukawa coupling matrices. In order to have a realistic model a suppression 
mechanism is needed. The second potential problem is a domain wall problem which 
arises in a cosmological context. The effective potential has in general degenerate minima 
corresponding to complex conjugate vacuum expectation values (VEVs). At the EW 

^In this case, however, the 1/A^ expansion is difficult to justify |15[llh| . 

^Here we refer to the general case without assuming any discrete symmetry. 
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phase transition domains with different signs of the VEV phases are formed. These 
domains are separated by walls with energy density mnch bigger than the closnre energy 
of the nniverse (after taking into acconnt the effect of the nniverse expansion) jH^j. If 
one considers this problem to be a serions one, some solntion mnst be fonnd in order 
that spontaneons CP symmetry breaking at the EW scale is viable. 

This paper is organized as follows: we begin in section |21 by presenting the minimal 
scheme in top-condensation models. We continne, in section |3J with a model having a 
fonr-fermion interaction term which inclnde only qnarks of the third family. Section 0 
corresponds to the central part of this paper. Here we consider a model with a fonr- 
fermion interaction term inclnding the three qnark families. In this model the CP 
symmetry is broken by the vacnnm. In section El the conclusions are given. In appendix 
m the calculation of the effective potential in the leading 1/N expansion is sketched. In 
appendix El convenient basis changes for the auxiliary fields are given. In appendices (0 
and El composite-held two-point functions are calculated for the models of sections El and 
EJ respectively. In appendix El some dehnitions used in section E] are given. 


2 Minimal Scheme 

We start with the simplest Lagrangian leading to EWSB in the context of top-condensation 
models. CP is in this case a symmetry of the Lagrangian and of the vacuum. In top- 
condensation models the SM Lagrangian without the Higgs sector is considered. In its 
place a fonr-fermion interaction term made of SM fermions is postulated: 

£ = 5^ iYD, i ^ (f+ £«, (1) 

k i 

where the hrst sum is over all left- and right-handed fermions of the theory and the second 
contains the 3 Yang-Mills terms of the SM-symmetry group, SU{3)c x SU{2)l x U{1)y- 
The Lagrangian C is locally invariant under this symmetry group. In the simplest model 
|3] the fonr-fermion interaction term £ 4 f, is given by 

C-Ai = Ct ('0L^i?)(^R'0L)5 (2) 

where ijjL = {tL, and t and b are the top and bottom quark helds. The SU{3)c 

and SU{2)l indices are suppressed. A color-index contraction in each parenthesis and a 
SU(2)L-index contraction between ipi and ijjL are understood. The coupling constant Ct 
has mass dimension The theory is dehned at the scale A with all heavier degrees 

of freedom integrated out. All momentum integrals of the theory are regularized using 
A as a spherical cutoff. 

In order to study the vacuum of the theory it is very convenient to use the auxiliary 
field formalism pM I34j . especially if one goes beyond the minimal scheme as we do in the 
next sections. The formalism is also useful for studying next-to-leading order corrections 
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in the 1/N expansion [TKl ITI)! Let us introduce a scalar auxiliary field H which 

possesses the same quantum numbers as the fermion bilinear be-, the quantum 

numbers of the Higgs doublet field in the SM. The term jC^f is replaced by £aux: 


Af —> >Caux = - gt{i>LtR H + h.c.), (3) 

with real mass parameter and Yukawa coupling constant gt- The Lagrangian £aux 
depends on the auxiliary field H only quadratically. One recovers £ 4 f, with Gt = g"^/m\j, 
either integrating out the field H from the generating functional in the path integral 
formulation, or imposing the constrains over the non-dynamical field H (Euler-Lagrange 
equations). 

The vacuum of the theory is obtained minimizing the effective potential related to 
the field H. From appendix^ we have the effective potential in the N ^ oo limit: 

Kff(v ) = ^ ^ (4) 

with H^H = v‘^ j2. From the minimum condition which involve the first derivative of 
Vef[ with respect to v one gets the gap equation 


g^N de 

Svr^ Jq gfv'^/2 


V \ — 


= 0 . 


(5) 


This equation has in general two solutions. A symmetrical one located at v = 0, and, 
if Gt > Gcrit = Svr^/YA^, a second one with n 7 ^ 0 which breaks the EW symmetry. 
Evaluating the second derivative of 14fr(n ) at these two points it can be seen that the non- 
symmetrical solution corresponds to the minimum of the effective potential if Gt > Gent- 
In this case the corresponding value of v (or equivalently of rrit) at the minimum is given 
by the solution of 


Gi (1 - ^ log AVm^) = Gcrit, ( 6 ) 

with = glv'‘^/2. Note that in order to fulfill the last equation having -C A^, fine- 
tuning of Gt is needed. Thus, if Gt > Gcrit the electroweak symmetry is spontaneously 
broken to the U{1) electromagnetic one. As in the SM, three Goldstone bosons appear 
and the Higgs mechanism provides the gauge bosons with masses. 

The fourth degree of freedom (j) of the auxiliary field H describes a scalar top-antitop 
bound state. The inverse propagator of the field 0 is given by 


•p ( 2\ ( 2 


r-A2 


4m: 


dk^ 


>0 


[{p -I- /c)2 -I- mj]{k‘^ + ml) 


(7) 


^To see the connection between the formalisms with and without auxiliary fields in the case of one 
auxiliary field, see m- In this paper the effective potential is calculated diagrammatically. 
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The propagator has a pole located at = {2mtY. The model predicts in this approx¬ 
imation a scalar bound state with a mass equal to twice the top-quark mass^. The 
auxiliary held H plays a similar role as the Higgs held in the SM. For this reason we call 
it (composite) Higgs held in the following. 

3 Third-generation Case 

We generalize eq. m for the case in which the four chiral helds of the third family of 
quarks interact. We consider the most general (dimension 6) gauge-invariant four-quark 
interaction term involving the four chiral helds that can be written as a sum of products 
of fermion bilinears with the quantum numbers and Lorentz structure of the SM Higgs 
boson 


— Gt ('0L^i?)(^Rt/’L) + Gb i'4’LbR){bR'ijjL) + [Gift e“^('02^.R)(V’L^R) + h.c.] , (8) 

where = 

Due to the hermiticity of the Lagrangian Gt and Gb are real. One can set Gtb also real (or 
positive) by redehning one of the right-handed fermion helds. In this way the interaction 
term possesses only real coupling constants and the complete Lagrangian is invariant 
under a conventional GP transformation®. 

Repeating the procedure followed in the previous section we introduce n spin-zero 
auxiliary helds Hb'\ The term Ca is replaced by 

n 

Gaux = - + ^Yukawa, (9) 

i=l 

with 

n 

Gvukawa = - 5^ ( gf ^LtR 6“' i^lbR + h.C. ), (10) 

i=l 

where and are the real Yukawa coupling constants and are mass parameters 
associated with the auxiliary helds. The relations between the coupling constants in the 

^If one modifies in eq. o in order to provide all the 6 quarks with masses in such a way that 
can be rewritten with help of only one composite Higgs field (see below), then the mass of the bound 
state remains almost unaffected « 2mt. 

®We ignore here the QCD 0-term. 
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two formulations of the model are given by 




n (r) (r) 

9t 9t 


r=l 


m 




Hr 
(r) (r) 

9l ’9l 


r=l 


m 


( 11 ) 


Hr 


Gtb - ^ 


(r) (r) 

9t 9 b 


r=l 


m 


Hr 


In order to parameterize the space of couplings G, it is enough to consider n = 2 . We 
restrict ourselves to n = 2 in the following. 

From appendix^ we obtain the effective potential in the N ^ oo limit: 

, ]\T 

=\" ml -iogdet(A:2 + A), (12) 


with the 2x2 matrix A given by 
A = 




(13) 


where summation over the indices i and j is understood. 

The ground state of the theory is found by minimizing the effective potential with 
respect to the auxiliary fields and H^‘^\ Due to the gauge invariance it is possible 
to gauge any field configuration into the following form: 




^ 


(14) 


with V , w , z > ^. In the following v , w\ z\ rj' denote the classical fields and the 
corresponding non-primed symbols denote their VEVs, 


( V \ / we^\ 

> = ( ^^ j. (15) 

In order to preserve the electromagnetic U{1) symmetry, the VEV z must be zero. 
Besides, if the phase rj is not a trivial one, the CP symmetry could be spontaneously 
broken. This happens if, once non-trivial quark masses are generated, the coupling 
constant Gtb in the fermion mass basis is complex. 

Next we minimize the effective potential with respect to the variables v , w , rj, and 
z . We shall restrict ourselves to the parameter subspace with z = 0 and search for 
local minima in this region. It is possible to show inn that for z ^ 0 there is no local 
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minimum (at least for rrit 7 ^ mb) ■ The following conditions are sufficient in order to have 
a local minimum at a point with 2 ; = 0 : 


\ ^hefT n f O III 

a) = 0 , for 6 ' = u , w , ?7 , 

dV / / 

b) ^ > 0 , (it is convenient to use z ^ instead of z ), 
oz ^ 

c) The 3x3 Hessian matrix associated with the variables 
V , w and r] is positive definite. 

The conditions a) evaluated at the point v' = v, w = w, rj' = rj, and z 
by 


(16) 


0 are given 


m 


Hi 


NA^ 

Svr^ 


q=t,b 


XI ( ^ ^ AVmJ j (( 4 ^))^ + ^ cos 77 ) 


w 


2 

“ " 8 ^ 




q=t,b 


= 0 , 


= 0 , 


uw X ( 1 log AVrnJ ) ^ 

q=t,b 


where 


Hlq = 


g(l)^ + A2) 


w e 


IT) 


V2 V2 

The first derivative of the effective potential with respect to z'"^ is given by 


dVeS _ 2 NA^ 
dz'^ 87r2 


N 


X (l-]^logAVm5)((7f) 

q=t,b ^ 




811“^ Jq (/ c ^ + )( fc ^ + m ^) 2 

Using eq. m, with w ^ 0, the last expression can be written as 


ai4ff NA^ 


dz"^ 877 ^ 


+ 


N 


X - ^logAVm;^4i)f7f ^C0S77 

n—ih ^ / 


q=t,b 


k^de 


Jo {kd + + ml) 2 


(17) 


(18) 

(19) 


( 20 ) 


( 21 ) 


( 22 ) 
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Because we are studing the possibility of having spontaneous CP symmetry breaking, 
the interesting case is when both auxiliary field doublets condense (n, w ^ 0) and Gth 7 ^ 
0 / We look for a local minimum of this form. However, using Gtb 7 ^ 0 we immediately 
note that eq. (P|) can only be fulhlled if 

sinr^ = 0. (23) 

Thus, Higgs VEVs are all real and CP is a symmetry of the theory. 

The first derivative conditions eqs. (ini) and m determine the top and bottom quark 
masses. These equations can be fulhlled by choosing the adequate values of the mass 
parameters and In a similar way as for the minimal scheme, these conditions 
are hne-tuned if rUg -C A. 

Considering only terms of order in eq. ( 1221 ), condition b) is equivalent to 

+ gb^gi^^) cos r]>o. (24) 

For given couplings gq \ the last inequality can be fulhlled by choosing the sign of cost] 
properly. 

Finally we check condition c). The Hessian of the ehective potential with respect to 
V , w , and rj is given by 



with 9a = v' ,w\ri'. To obtain eq. (I2S1) the hrst derivative conditions were used. Con¬ 
sidering condition b) which determines the sign of cost] = ±1 one can see that the last 
matrix has 3 positive eigenvalues. 

In summary, we considered the model dehned by (jHl) with Gtb 7 ^ 0 when both auxiliary 
helds condense breaking the EW symmetry but respecting the U{1) electromagnetic 
symmetry. This occurs if eqs. (HID and m are fulhlled. For niq -C A these two 
equations are hne-tuned. The sign of cost] = ±1 is determined by condition ( j 23 D - 
Furthermore spontaneous CP symmetry breaking does not occur. The spectrum of the 
model is calculated in appendix O We found that only 4 of the 8 degrees of freedom 
related to the two auxiliary Higgs doublets are relevant at low energies. Three of them 
are Goldstone bosons and the fourth is a physical Higgs particle with mass ~ 2mt. At 
energies much lower than A this model cannot be distinguished from the one which 
has only one auxiliary Higgs doublet from the beginning (in this case the condition 
GfGb = Gftj must hold, see eq. (jUD)- 


^We briefly discuss the case Gtb = 0 below. 






The case of having Gtb = 0 is qualitatively very different because the Lagrangian 
possesses a Peccei-Quinn 17(1) symmetry. In this case it is possible to introduce two 
auxiliary helds in such a way that one couples only to the held and the other only 
to the held bn (2 Higgs doublet (2HD) model type II). If Gt,Gb > Gait both auxiliary 
helds condense and one obtains a particle spectrum as follows: In the neutral sector two 
scalars with masses equal to 2mt and 2mb, a Goldstone boson, and an axion appear.® In 
the charged sector one obtains a charged Goldstone boson and a charged particle with 
mass ~ 

We see that both, for the case of having Gtb = 0 and for Gtb 7^ 0 (at least when 
both auxiliary helds condense) the number of parameters at low energies is two. Once 
one hxes them, e.g. the quark masses, the model is completely specihed. For the case 
Gtb 7^ 0 one would like to understand why the number of parameters is only two and 
not three. The reason is that in order to satisfy eqs. (El and (HHD simultaneously (with 
Gtb 7^ 0), the following relation must hold: 

^(G, + Gt) - -2-(G,G, - Gl) = 1 + 0(mJ/A2). (26) 

Lfcrit '-^crit 

For a given Gtb ( 7 ^ 0), the values of Gt and Gb which fulhll the last equation describe a 
hyperbola. 


4 Spontaneous CP symmetry breaking 

In order to generate the GP-violating phase of the GKM matrix and thus reproduce the 
observed mechanism oi GP symmetry violation, quarks of the three generations must be 
included in the four-fermion interaction. We are interested in the situation in which the 
GP symmetry is spontaneously broken by the vacuum. Therefore our starting point is 
a (7P-invariant Lagrangian with the four-fermion interaction given by a generalization 
of eq. ( 0 : 

P4f = Gijkl CiLUjB){uiR'lpkL) + {'lpiLdjR){diRi)kL) + [Gtjkl CCiLdjR)CkL'^lR) + h.c.], 

(27) 

where the coupling constants G and the quark helds ur, dR, 'ipi = {ul, diY have indices 
i, j, fc, I, which go from the hrst to the third quark generation. The Lagrangian € 4 ^^ 
includes four-fermion terms which mix quark helds of diherent quark families. 

Because we demand the Lagrangian to be GP-invariant, all the coupling constants 
G in £44 are considered to be real. In this case the number of parameters of eq. (EH) is 
171.® Where we do not count the cutoh A which is also a parameter of the model. 

We now rewrite the interaction term, eq. (EZD, in terms of auxiliary helds which have 
the quantum numbers of the SM Higgs doublet held as we did in the previous sections. 

®An axion at the electroweak scale is experimentally ruled out. 

®After requiring hermiticity of the Lagrangian there are 45 independent couplings G, 81 couplings 
G , and further 45 couplings G . 
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We do not consider completely arbitrary couplings G. For simplicity we restrict ourselves 
to the subset for which the theory can be described by means of only two auxiliary helds, 
and H^'^\ In terms of these auxiliary helds the four-fermion term is replaced by 


where 


2 

U + ^Yukawa, 

i=l 


(28) 


2 

-Cvukawa = - ( 9k^ ^kLUlR + h.c. ), (29) 

i=l 

with gd'f and hd'> 3x3 real matrices. The relations between the real coupling constants 
in the two formulations of the model are given by 


n (r) (r) 

^ 9ij 9ki 

^ijkl — / ^ 


r=l 


m 


Hr 


11 7,h)/,h) 

ri' _Sr^ bj '>'ki 
'^ijki - 2 ^ ^ ■ 


r=l 


m 


Hr 


Gb, = E 

r=l 




m 


Hr 


(30) 


In consequence we restrict ourselves to a model with 36, essentially the four 3x3 
Yukawa matrices, parameters (plus the cutoff scale A). 

We are now confronted with the following problem. We want to hud the values of the 
parameters of the model such that the vacuum of the theory breaks the EW symmetry in 
the observed way (spontaneous CP symmetry violation keeping the electromagnetic 17(1) 
symmetry unbroken). Besides, the generated CKM matrix and the quark masses must 
correspond to their measured values. However, the relation between the 36 parameters 
of our model and the quantities to be reproduced is rather complicated. In order to hud 
an analytical solution we introduce a self-consistent approach to the problem. 

First, we assume that the minimum of the effective potential (denoted by non-primed 
symbols) is given by a held conhguration with non-trivial values of n, w, and rj 0, tt) 
and with z = 0: 


( V \ /w^\ 

^), <//W>=(^). (31) 

VEVs of this form are necessary in order to have a theory with spontaneous CP sym¬ 
metry breaking and unbroken 17(l)em symmetry. 
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Inserting the Higgs VEVs in the Yukawa interactions, eq. ()29|1 . one gets the quark 
mass term: 


2 

£m = — ^ ( dki UkLUiR < dkhdiR < >* + h.c. ), (32) 

i=l 

with The quark mass matrices for the up- and down-type quarks in 

the last equation are in general non-diagonal. In order to diagonalize them we perform 
the following chiral rotations: 


UiR = UjR. UiL = U^j m ' x , 

dm = Wfj d'jg, da = Uf^ 


(33) 


where the primed helds denote the fermion helds in the mass basis and f/'^, IY“, 
are basis transformation matrices. The CKM matrix is given by Vckm = In the 

new basis the quark mass matrices, which are now diagonal and real are given by 






M, = 4= + Af 


w e 


17 ] 


" V2 V2’ 

(*) \(*) 


where the Yukawa couplings in the mass basis \u , Xy are dehned by 


(34) 


j® = f/" A® ir“t, fori =1,2, 

h(i) = ijd ^,d1^ 


(35) 


We emphasize that the Higgs VEVs in eq. ()34|l are still not determined. 

Using the last dehnitions, the relations between the composite helds and their 
constituent quark helds are given by: 


(d — 


',-(*) — 


m 


Hi 


m 


Hi 


R 4 ) 1 

i^R Vckm d\ 


Ul Vckm d^ i, 


for z = 1,2. Besides, the interaction term iZyukawa is given in this basis by 


(36) 


C 


Yukawa 


X] ( “l 0O(*) _ y^VcKM A^*^^ dy 


i=l 


+ <4Wm Y «s r'“> + <4 A®'4/®- + h.c.), 


(37) 
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with = (j) W*. 

Combining eqs. and (jnsi) and using the fact that the matrices and are 
real, it is possible to write the Yukawa couplings in the weak basis, g^''\ as a function 
of the Higgs VEVs, the quark masses, and the basis transformation matrices: 




72 


- cot g , 




72 




w sing 

/2 

h(b = + cot g Im{U'^MdW ‘^^)], 


(38) 




72 

w sinr] 




We have in this way transformed the original problem into one which can be solved 
in a self-consistent way: We must hnd values of v, w, and g, to which we associate the 
Yukawa couplings given in Eqs. (j38|) . such that the resulting effective potential has its 
minimum at the same values v, w and g (besides ^ = 0). For this purpose we can vary 
the basis transformation matrices U^, hE“ and W^. These are arbitrary unitary 
matrices which must obey the condition = Vckm- 

The effective potential related to the four-fermion interaction (EH) is given in appendix 
El A detailed analysis of the local minimum conditions given in (111 is presented in j22| . 
The conditions obtained in order to have a model presenting spontaneous CP symmetry 
violation, realistic quark masses, and the observed CKM matrix are: 
i) The hrst derivative conditions associated with the variables v and w which are given 
by 



where the 6x6 matrices are given in appendix O These conditions can easily be 
fulhlled by choosing suitable mass parameters rnjj.. For -C A both conditions require 
hne-tuning. 

ii) Complex Higgs VEVs are obtained only if the factor c, dehned in appendix m is 
different from zero. In this case, the hrst derivative condition associated with the variable 
g leads to: 


cot g 


a 

b + c 


(40) 
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where the real factors a, b, and c are given in appendix O It can be seen that for c 7 ^ 0 
this hrst derivative condition also requires from hne-tuning if rriq -C A. 
iii) The alignment condition > 0 takes the following form: 


2 c 

2 ^ 2 

sm 7 ] 


i=u,c,t 

j=d,s,b 


(41) 


with the 3x3 matrix T and given in appendix IDl 

iv) The Hessian matrix associated with the variables v', w\ and rj' must be positive 
dehnite. The Hessian matrix is given by 


d^VeS 

dOadOb 


{v,w,ri,0) 


cNA^ 

sin^ rj 


l—\/v^ Xjvw 0 \ 

I Xjvw —IjiiP' 0 j 

V 0 0 -V a. 


N 

Svr^ 




dAij dAqi 


*j=i 


dOa dOh 


{v,w,ri,0) 


(42) 


with Oa^Ob = v\w\ and rj'. The hrst derivatives of the 6x6 matrix A are given in 
appendix O There are no quadratically divergent terms in eq. fl42jl (c oc 1/A^). They 
cancel after imposing the hne-tuned hrst derivative conditions. 

Once one has a set of parameters g^'^\ m\j. which fulhlls the previous conditions, 
the corresponding couplings G are obtained using eqs. Ha- For a detailed analysis of 
these conditions using a quark mass expansion see ra- 

The composite-held two-point functions, which allow us to hnd the composite Higgs 
masses, are calculated for the charged and neutral sectors in appendix |El Beside the 
three Goldstone bosons there are three neutral and one charged composite Higgs bosons. 
In this approximation we hnd that one neutral Higgs mass is ~ 2mt and that the rest 
of the Higgs masses are much smaller. We think this is a consequence of the crude 
approximation we adopted and not a property of the theory. For further comments see 
our conclusions. 


5 Conclusions 

In this paper we considered a top-condensation model with spontaneous CP symmetry 
breaking. We started with a. CP invariant four-fermion interaction dehned at some scale 
A which involve quarks of the three generations. We restricted ourselves to the case in 
which the four-fermion interaction can be rewritten with help of two auxiliary helds. The 
minimum of the effective potential is obtained in a self-consistent manner. This leads 
to the relevant conditions on the parameters of the model in order to obtain a realistic 
CKM matrix, including the GP-violating phase, and the quark masses. The following 
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conditions are fonnd: i) first derivative conditions related to the variables v and w 
(eqs. ()d9|l h ii) the condition for spontaneous CP symmetry breaking c 7 ^ 0 , iii) the 
preservation of the electromagnetic symmetry condition, and iv) the second derivative 
conditions. A more detailed treatment of these conditions including an analysis using a 
quark mass expansion can be found in |ZZ|. 

The spectrum of the theory corresponds to the one of the 2HD extension of the SM. 
The Higgs particles are quark-antiquark bound states. The related composite helds are 
given (at the scale A) by eq. (pK|l . Thus, due to the hierarchy of the Yukawa couplings 
the composite Higgs particles are made mainly of the quarks of the third generation 
having their wave functions only a small light-quark component. In our approximation 
only one (neutral) composite Higgs has an acceptable mass value (~ 2mt). The other two 
neutral and the charged composite Higgs are unacceptably light.We think, this could 
change beyond the 1/N expansion used here. For example for A Aew a perturbative 
renormalization group approach where the SM gauge interactions are taken into account, 
leads to much bigger composite Higgs masses Ha 1201 EH 1221123- 

Spontaneous CP symmetry breaking at the EW scale presents two potential prob¬ 
lems, namely, tree level FCNCs EniEii and a domain wall problem |221- We just comment 
(in relation to the hrst potential problem) that in the context of top-condensation models 
it is not understood why FCNCs are suppressed (if we simultaneously generate quark 
mixing angles) independently of having spontaneous or explicit CP symmetry violation. 

We also treated a simpler top-condensation model where only quark helds belonging 
to the third generation are included in the four-fermion interaction (see eq. (j2I)). This 
Lagrangian is used as an intermediated step in theories like topcolor assisted technicolor 
[22] or top-quark see-saw [23123 • We found that in the general case (without an extra 
Peccei-Quinn symmetry) the spectrum of the theory corresponds to the one of the SM 
with the composite neutral Higgs particle having a mass ~ 2mt. Further modes associ¬ 
ated with masses of order A are present. A is, however, the upper limit of the validity 
range of the model. For this reason these modes cannot be interpreted as particles. In 
this simpler model spontaneous CP symmetry breaking does not occur. 
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A The Effective Potential 

We present in this appendix the effective potential for n scalar auxiliary helds 
coupled to 3 quark generations. We consider the leading order contributions in the 1/N 

^^Theories like topcolor assisted technicolor provide a mechanism for increasing the value of the 
composite Higgs boson masses. 
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expansion, i.e. in the N —cx) limit keeping GN fixed, which is equivalent to the 
fermionic determinant approximation. The Lagrangian is given by 

n 

C = /:kin - + ^Yukawa, (43) 

i=l 

where £kin contains the quark kinetic terms and 

n 

/:Yukawa = “ ( 9h ^^lUir + h.c. ), (44) 

i=l 

with complex parameters and real mass parameters rn\j.. No kinetic term 

for the auxiliary fields and no quartic term of the form (id^id)^ are present. The 
effective potential is given by 

K,({i/W}) = - * j -0^ logdet(®-‘{//'‘>,*:}). (45) 

where is the fermionic propagator in momentum space, and is a function of the 
scalar fields and the momentum k. After calculating the fermionic determinant one 
obtains 


N 

Ves{{H^^H) = logdet(A;2 + A), (46) 

Stt Jq 

with 

^ ~ {—d(^)fg(J)^abjja(i)jjb(j) h^Ad(Aff(J)fffA J ■ ' 

where summation over the indices i and j is understood. The effective potential is of 
course gauge invariant. 

B Change of Auxiliary Field Bases 

In this appendix we define new bases for the auxiliary fields in the neutral and charged 
sectors. We choose the new bases in such a way that the Goldstone bosons become basis 
vectors. The advantage is that in each sector, neutral and charged, one of the basis 
vectors of the two-point proper-vertex matrix is already an eigenvector with associated 
eigenvalue equal to zero, i.e. a pole of the propagator. 

The Goldstone theorem tells us how to express the Goldstone fields as a function 
of the scalar fields. They are given by the infinitesimal displacements of the vacuum 
under the transformation generated by the broken generators. The charged and neutral 
Goldstone boson fields are given by 
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oc 

G oc Xm( v 0°^^^ + w 


(48) 

(49) 


where the helds 0^^*^ are components of the Higgs helds = (0°*'*\ 0 *^*^)'^. 
In the four-dimensional neutral sector we dehne the new basis by 


(p3 

\gJ 


(Tie 0°W\ 
Im 0°(^) 

7^e 0°(2) ’ 

\xm 0°(2) y 


where the orthogonal transformation matrix R is given by 


(50) 


R 


1 


/tn 0 —V COST] —V sinr^X 
0 w V sin?7 —V cosr/ 
u 0 w COST] w sinr; 
yO u —w sinp w COST] J 


(51) 


The held G is the normalized Goldstone boson given in eq. ii. In this new basis the 
mass term of the neutral bosonic helds is given by 


with 


- Y1 D ((p0 G) M 

i=l,2 


\gJ 


(52) 


0 

0 

vw{rrijj^ — rrijj^) 0 

0 vw{m\j^ — m\j^) 

Now we turn to the charged sector formed by 
dehned by 


M = 


v2 _|_ yj2 


vw(m]j^ - m]j^) 0 \ 

0 vw{m\j^ — m\j^) 

0 

0 

(53) 

two charged helds. The new basis is 


(^^. \ = ^ ^ \ ((^A\ 

where the charged held G^ is the normalized charged Goldstone boson given in eq. (I48|l . 
In this new basis the mass term for the charged scalar helds is given by 
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( 56 ) 


i=l,2 

1 . , vwe^^{m%^ - ^hS\ (^~\ 

y2_^^2 ) \yw e~^'^{rri]j^ -'rnjjJ + w’^rnjj^ J \G~ J ' 

We also give the Yukawa couplings, eq. (jSl), in these bases. The neutral boson 
interaction terms are given in the fermion mass basis by 


C 




Yukawa- neut r al 


\/v^ + 


u 




'(i^^PR + irtp^y 




a/u^ + 


W‘^ 


h'(ziP„PR-*iPtpL)n' 


u V2MuU — 


G 


\/n^ + 




u 




(56) 

where the dots represent analogous terms for the down sector. For the charged sector 
we found 


C 


Yukawa-charged 


ip~^ e 


IT) 


\/v^ + 

G+ 

y/v^~+^ 


^CKM Pl — VcKmK\ PR)d 
: u {V^MyYcKM Pl — VcKMV2M(iPK)d + h.c., 


(57) 


where Pl and Pr are the left and right projectors. The matrices Vckm, Mq, and Kq are 
3 X 3 in flavor space. Vckm = is the CKM matrix, the matrices Mq with q = u,d 

are the diagonal fermion mass matrices from the up and down sector, and the matrices 
Kq are given by 


7^, = n;AW-ne'n®, (58) 

with q = u,d. 

C Two-point Functions for the Third-generation Case 

In this appendix we calculate the masses of the neutral and charged composite Higgs 
for the case of one family of quarks and Gtb 7 ^ 0 considered in section |21 We do the 
calculation in the auxiliary held bases dehned in appendix IHl 

Let ns hrst calculate the composite Higgs masses in the neutral sector. As we saw in 
section El the theory is CP-invariant. As a consequence the CP-even [ip^ and and 
the CP-odd ( 93 ^ and C) helds do not mix and the 4x4 two-point proper vertex matrix is 
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Figure 1: Feynman diagrams contributing to the neutral two-point proper vertices of 
auxiliary fields in the case of one quark family. The helds (p and ip stand for the four 
bosonic helds and G. 


a block diagonal matrix. The Feynman diagrams we have to calculate are shown in Fig. 
^ Using the hrst derivative conditions in the calculation, the non-vanishing two-point 
functions are 




iN 


87r‘^{v'^ + w^) 




q=t^b 

iN 


q=t,b 

2 


A2 


*Fg,g(/) = 




^ -f — -f 2 vw^ COST] >,(59) 


87r^(u2 -f- w^] 


P 


Y1 


q=t,b 


iN 


87r^(v^ + vj^ 


P^H '/2m,K,I(m]-,p^), 


(60) 

(61) 


q=t,b 


in the CP-odd sector, and 


iT^p^i{p^) = 


iN 




p 


87r2(x;2 _|_ yj2'^ 

-2k^ ^ (^1 - ^ \og{k^/ml^ + cos // 1 ,( 62 ) 


q=t^b 

.2 


ip^i^P ) 
iT^p^3{p‘^) 


q=t,b 

iN 


87r2(x;2 -|_ yj2'j 


iN 


2mJ (p2-4mJ) J(m^;p2), 


q=t,b 




(63) 

(64) 


q=t,b 
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Figure 2: Feynman diagrams contributing to the charged two-point proper vertices of 
auxiliary helds in the case of one quark family. The helds and (p ^ denote the charged 
helds and . 

in the CP-even sector. The integral is given by 

I{rn? 

The masses of the bound states are given by the values of at which the proper vertex 
matrix has vanishing eigenvalues. From eqs. (innD and (iniD we see that at = 0 a zero 
eigenvalue with associated eigenvector G, the neutral Goldstone boson, appears. In the 
CP-even sector the ((p^,(p^) entry of the 2x2 matrix is of order^^ and therefore, 
for p^ -C A^, much bigger than the other matrix elements. In first approximation the 
smaller eigenvalue of this matrix is given by From eq. (j68|l we see that the 

propagator has a pole at p^ ~ (2mt)^. The other two eigenvalues, associated with a 
CP-even and a CP-odd held, are of order A^. 

Now we treat the charged sector in an analogous way. For the two-point proper 
vertices, represented by the diagrams of Fig. |2l we obtain 


IbTT^ 


) = 


dH 1 

(27r)^ {P — m?) [(/ -|- pY — rn?] 


(65) 


ip+ ,^p- {p ) 


iNA^ 


87r‘^{v^ -I- w"^) 


^ ^ cosr/ 

q=t,b ^ ^ ^ ^ 


iN 




[{p^ - mi- ml){K'f -F Kl) + AmtmbKtKb] I [mi,ml] p^^ 


(Kl - Kl) {ml log{A'^/ml) - ml \og{A‘^/ml)) |, 


( 66 ) 


i'^^+,G-{p‘^) = {\P^{^tKt + mbKb) - {mtKt-mbKb){ml-ml)]I{ml,ml]p^) 

+ [mtKt - mbKb) {ml \og{A‘^/ml) - ml \og{A‘^/ml)) | 
_ (67) 

the factor of in this expression were zero, we had Gtb = 0. 
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( 68 ) 


iT '"2 


G+,G- 


iP^) = 


iN 


87r‘^{v'^ + w‘^) 


‘^{ml + mi) - {mi 


+ {mi - ml) {mi \og{A‘^/mi) - ml \og{A‘^/ml)) k 


with 


igtt^ r dH 1 

i J {27i)^ {P - mi)[{l + p)‘^ - ml]' 


(69) 


We have here a similar situation as in the neutral CP-odd sector. The {(p~^, (p~) element 
is of order and the other elements of the matrix vanish at = 0. Therefore the two 
poles are located at = 0 and at = 0{A^). 


D Definitions used in section HI 


= 


x(l)tx(2) 
At* Au 


^(i) _ I All 

0 




\ (h \ (ht 


(70) 


for i = 1,2. 


a = tr[Pe(iy“M„P“k Tm{U^MuW^^) + Im{W^MdU^^) ne{U^MdW'^^) ] 

2 

- V ^ \og{Aymi) ne( ne{W^MJJ^^) wA 

i=u,c,t 

2 

- V ^\og{Aymi)ne( W‘^^Im{W'^MdU'^^)ne{U'^MdW'^^)W'^) , 

' ^ A.^ V J a 

i=d,s,b 

(71) 


6 = tr[lm(W'“A4t/”t)Im(;/"M„Hl"l) + 

2 

- ^ log(AVm2) Pe(^ lm{W'^MJJ^^) Im{U^MJ¥'^^) 

i=u,c,t 

2 

- ^ ^ log(AVm2) Pe(^ Tm{U^MdW‘^^) , 

i=d,s,b 

( 72 ) 
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2 

C=- V ^log(AVm2) Jmf ne{W^MuU^^) Im{U^MuW^^) wA 

i=u,c,t 

, (73) 

- '-^\og(Aymf)Im( W'^ Im(W‘MaU'‘^)Ke{U'‘MaW'‘^)W'‘) , 

^ ^ A.^ V / a 


T 



VcKM Vckm j , 


r.A2 


I{m, 


edk"^ 




{k? + mf){k'^ + m?j) ’ 


dA 


dv' 


dA 


dw' 


dA 


dr]' 

{v,w,ri,0) 


= w E(2) + I (E(°)e*’' + E(°)'^e-*'^) , 
= (E(°)e*'^ - E(°)^e“*^) . 


(74) 


(75) 


E Two-point Functions for the Three Family Case 

In this appendix we calculate the composite-field two-point functions of the three fam¬ 
ily case considered in section HI The situation is analogous to the one of appendix (0 
where only one family of quarks was considered. The values of the flowing momentum 
for which an eigenvalue of the proper vertex matrix becomes zero, correspond to the 
composite Higgs masses we are looking for. We use the neutral and charged auxiliary 
field bases defined in appendix |Bl In the calculation we also apply the first derivative 
conditions from the minimization of the effective potential. The non-vanishing neutral 


21 








X 


r=u,c,t 

..r\ . 

r=d,s,b 

.AT.. 

s=u,c,t 

s=d,s,b 


Figure 3: Diagrammatic representation of the contributions to the neutral two-point 
proper vertices. 


proper vertices are given by 




iN j 4 c 
87r2(n2 -|- w"^) I sin^ \ 


+ ^ mj log AVmJ - eL‘’) + - E*?) 

i=l 

- 2vwTle((T.f - E<«)e‘’')] 

3 

+ {p'^ - - ml){Kq)rs{Kl)sr 

r,s=l q=u,d 


(76) 


^ TTlyTng{{^Kq)^g{^Kq) gj- -|- ( )sj.) 


where the minus sign in the last term corresponds to iF^^i ,^i and the plus sign to iT^ 2 ^^p 2 . 
The matrices are dehned by 


S(o) 




APaW' 0 \ 
I 0 A<‘Afj 

AlAl'W 0 \ 

I 0 A®'A®j 


Further neutral proper vertices are given by 


for i = 1, 2. 


(77) 
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2iN 

mrmsIm[{Kq)rs{Kq)sr]I{ml,ml-,p^), 

r,s=l q=u,d 

(78) 

87r2(x;2 _j_ yj2'^ 

i^P ) 

2iN 

6 

i=l 

(79) 

87r^(v^ + w^) 

*rG,G(p^) = 

2iN 

6 

i=l 

(80) 

8 'k‘^{v‘^ + w"^) 


iN 

6 

Y (p^ 4m.) \f^rnine[{Ku/d)u] I{ml,ml,p‘^), 

i=l 

(81) 

87r2(f;2 ^ yj2^ 

*r^2,G(p^) = 

iN 

6 

p^ Y V2mi7^e[(iF„/d)^^]/(m.,m.;p^), 

(82) 

8 ti‘^{v‘^ + w"^) 

*r<^i,G(p^) = 

iN 

6 

p^ Y^ V2miIm[{Ku/d)ii] I{mi,mf,p ), 
i=l 

(83) 

87r^(v^ + w^) 


iN 

6 

y] (4m. p^) V2miIm[{Ku/d)ii\I{rnl,ml;p‘^), 

i=l 

(84) 

8 t:‘^{v‘^ + w"^) 

in Eqs. (jHII)-(|Hll) Ku/d stands for for i = 1, 2, 3 and for Kd for i = 4, 5, 6. 

The 


relevant diagrams of the neutral sector are shown in Fig. El 

In the charged sector the two-point proper vertices are given by 


2\ 2iiV ch? fv‘^ \ 

^ 8n‘^{v‘^ + w'^) sin^ 7] \v‘^ w'^ ) 

- I67r2(l^+w2) {iKiVcKM)rsiV^KMKu)sr[Jimlml;p‘^) + 2ml] 

r=u,c,t 

s=d,s,6 


+ {VcKMK\)rs{KdV^j^j^),r + 2 ml] 

- [{KiVcKM)rs{KdVij,^),r + {VcKmKI^) rs iViKMKu)sr] 2mrms I{mj, ml;p‘^ 

(85) 
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r=u,c,t 



s=d,s,b 


Figure 4: Diagrammatic representation of the contributions to the charged two-point 
proper vertices. 


r=u,c,t 

s=d,s,b 

( 86 ) 


*r^+,G-(p ) = 


2 . -^/2iNe^^ 


167r^(n^ -|- w^) 


^ ^ (VcKM^rs j^Ku) sr J {^si ^ri P ) 


r=u,c,t 

s=d,s,b 


(87) 


where J{m^,m1;p‘^) defined by 

J{ml, = ml log A^/m^ — ml log A^/m^ — (p^ + ml — ml) I{ml, ml-,p^), (88) 


vanishes at p^ = 0. The relevant diagrams of the charged sector are shown in Fig. E] 

In all the two-point proper vertices the quadratic divergences cancel. As expected, the 
neutral and charged Goldstone bosons correspond to eigenvectors of the proper vertex 
matrix at p^ = 0 with vanishing eigenvalues. Besides these three Goldstone bosons there 
are three neutral and one charged Higgs particles. The masses of these particles are 
roughly ~ 2mq, with m^ a general quark mass. We find that in this approximation one 
neutral Higgs mass is ~ 2mt and the rest of the Higgs masses are much smaller. 
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